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1. INTRODUCTION

In recent years some of the fundamental problems of approximation theory
have turned out to be the verification of Jackson-, Bernstein-, Bohr-, and
Zamansky-type inequalities for particular approximation processes. the study
of the comparison of two different processes with respect to their rate of
convergence, as well as the associated problems of nonoptimal and optimal
{or saturated) approximation for given processes.

These problems have recently been examined in a unified way in abstract
Hilbert spaces (cf. [S]) as well as in the frame of abstract Fourier series in
Banach spaces, the processes in question being assumed to possess some
multiplier structure (cf. [6, 10-12, 23], see also [3]).

In this paper we would like to continue our previous investigations, this
time to extend them to Banach spaces as well as to operators possessing
arbitrary (e.g. continuous) spectra (instead of discrete ones). This will be
achieved by studying approximation processes to be defined via multipliers
with respect to arbitrary spectral measures. Then it is again possible to
translate problems such as those mentioned above into the language of
uniform multiplier conditions (cf. Section 2). This calls for multiplier criteria,
and Scction 3 shows that in connection with radial multipliers we may use
the criterion aiready elaborated in our former studies (cf. [6, 23]) and based
(cf. [22, 24]) upon the uniform boundedness of Riesz means. Finally, the
last two sections are devoted to applications: Whilst Section 4 presents
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examples of concrete processes in arbitrary Banach spaces such as the Riesz
means and Bessel potentials, Section 5 specifies some classical examples of
concrete Banach space and spectral measures such as those connected with
Hankel and multiple Fourier transforms. thus illustrating this unifying
approach to the subject. In a forthcoming paper we shall deal with more
intricate expansions including variation diminishing kernels, their treatment
being based upon their fundamental representation in terms of (two-sided)
Laplace transforms, a theory initiated and developed since 1930 by
Schoenberg (see e.g. [18]).

2. GENERAL THEORY

Let X be a Banach space with norm i, - ;, and [X] the algebra of all bounded
linear operators of X into itself. Consider on X strong approximation
processes {T.},.o C[X]: thus, lim,., " 7T, f -/} =0 for each fe X. To
discuss the above topics, it is appropriate to look for some auxiliary Hilbert
space H with # N X nonempty and dense in / and X, respectively (e.g. in
Section 5.2 we shall study the particular sitwation H - L¥R?) and
X = LR, | -2 p - o). The given approximation processes {7} are then
to be generated by some spectral measure £ on H via the following procedure.

Let 2 be the family of Borel sets ¢ in R”, the (real) Euclidean n-space
(elements of R™ are usually denoted by u == (i, ,..., 4}, v, x, elements of R!
by s, 7). Let E be a (countably additive, bounded) spectral measure for H
in R", i.e., E(o) € [H] for each o € X and ( ©» being the void set, 7 the identity
mapping)

() E(oy Nooy) = E(oy) E(oy) forall oy, vye 2]
(ily E(o) 0, E(R") = L

(1) F(U ai) = Z E(o;) where 0,2 and o, "o, = = for i~ .
7ol Fes]
(2.1)
Let L.“(R", E) be the set of £-essentially bounded, Borel measurable functions
7 on R™. Then the integral [z, (1) dE(u) is well defined in the strong operator

topology as an element of [H]; in fact, the map 7 — [, 7(u) dE(u) is a
homomorphism of the algebra L=(R", £) into the algebra [H], thus,

'R Ty(u) 7o) dE(u) = UR () dE@)] [[R ro(u) dEW)| 2.2)

for every v, , 7, € LY(R", E). For these basic facts compare [§, pp. 900, 1930.
2186, particularly the definition of the algebra U p. 1964].
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Now 7 e L*(R?, E} is called a multiplier on X (with respect to £, H) if to
each fe H N X there exists f7 € H N X such that

fr= IR Ty dEW)f, | fTl < Alf (2.3)

Thus, the operator T of H N X into H N X, defined via 7/ = f~, has (unique)
bounded linear extension to all of X, i.e., T €[X], and in the following we
shall not distinguish between T and its extension to all of X. The set of all
multipliers 7 on X is denoted by M == M(X, E, H), the corresponding set of
multiplier operators T by [X],, . Setting

(Tl = supll TS e HN X = 1 (2.4)

M i1s a commutative Banach algebra with respect to the natural vector
operations and pointwise multiplication, isometrically isomorphic to the
subspace [X], C [X].

Apart from the fact that the approximation processes { 7} are of multiplier
type, we shall be concerned with certain closed operators. To this end, let
Lio(R", E) be the set of all Borel measurable functions ¢ on R* which are
E-essentially bounded on any compact subset of R* Let s € L (R*, E) be
arbitrary, and let H¥ be the set of all /'« H for which there exists f* ¢ H such
that

E@)f* = | ) dEGS (2.5)

for each bounded ¢ € 2. Obviously, if B* is the operator with domain H*

(with respect to the topology of H).

Now let iy € L5 (R, £) and let X" be the set of all f'e H* N X for which
fre HN X. Then o is said to generate a X-closed B* if the operator
Bé Xo* — H N X is closable in the X-topology, thus has closed linear
extension, also denoted by B¢, with graph X% x B¥X,%), closure taken with
respect to X x X. If the domain of (this extension of) B¥ is denoted by X,
then XV is a Banach subspace of X with respect to the norm
Vit == f " + 1 /], with seminorm /|, given by | B¥f|.

An immediate consequence of the fact that all operators in question should
be of multiplier-type in the above sense is that all the problems posed at the
beginning may be transposed into corresponding ones upon the coefficients 7,
i/ in the form of uniform multiplier conditions.

THeoREM 1. Let {T,} C [X]y be associated with multipliers (7.} C M.
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(a) Ler{S, C[X] be afurther process associated with{{,} C M. If there
exists a family (A} CM with |' A, 'y == A uniformly for p = O such that for

04

(almost all) ue R”
T 1) = 1 A u) 1], (2.6)

then one has the ( global) comparison theorem (with respect to the rate of
convergence)

(by Ler d(p) be a positive, monotonely increasing function on (0, 50) with
hm,., dlp) = o, and let i e L3(R*, E) generate a X-closed operator B*.
Then

qb(P)[TD(vu) - ]] . l/J(L{) A”(ll), Sup} )\n ; M : A (28)

>0

implies the Jackson-type inequality
o) T/~ " Aif, (JeX (2.9)

whereas the condition

Slu) 7,(u) = bp) A1), sup 1A, iy o A (2.10)

P

implies the Bernstein-type inequality

T,/ = Adlp) f1 (feX) (2.11)

and the condition

Slu) 7(u) == dlp) A )7 (u) — 1], sup A, a e A (2.12)

no>a

the Zamansky-type inequality
TSl Adlp) 1 T,/ -/ (feX) (2.13)

Proof. (a) Letfe H M X be arbitrary. Then (with respect to H, cf. (2.2))

TS | Tt = 1TdEG S
= [ AL 1B = LSS )

where L, € [X],, is associated with A, € M. By the very definition of a multi-
plier operator, the latter relation holds for all /€ X proving (cf. (2.4)) the
assertion.
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(b) Since L(HNX)C HN X, it follows that L ,BYf'e HN X is well
defined for each e X,*. Hence, by (2.8) one has for any bounded c € 2

E@)L,BH] = | Afu) lu) dEw) f
= [ $)rfw) — 11 dEQ) S = E@)p)T,f — f)]

so that for each fe X¥
T,/ — f1 = LB

Let f'e X¢ be arbitrary. Since by the definition of X¥ there exists { f;} C X,
such that || f; — /| =0, | B*f; — B — 0, assertion (2.9) follows. Observing
that the hypotheses (2.10) and (2.12) imply T,(H 0 X)C Xy* and, thus,
TAX)C X¥ for each p => 0, assertions (2.11) and (2.13) follow analogously.

Let us mention that if an estimate of type (2.7) is valid, then the process
1T,) is called better than {S,} on X. If also a converse assertion is valid, then
the processes are said to be equivalent on X, in notation 7,/ — f ~ S,/ — f,
feX.

One may discuss Bohr-type inequalities (cf. [10; 23, p. 53] for treatment in
the discrete case) as well as the saturation problem along the very same lines.
However, the latter problem will be dealt with more extensively in [7] where
we commence with self-adjoint spectral measures, use dual methods, and
assume A N X to be weakly* dense in X so as to cover also the space
X -- L*(R") in the Fourier integral case, for example.

3. A MuLTIPLIER CRITERION

On account of the reformulation of the approximation-theoretical problems
in terms of multipliers, the actual problem in the present setting is to derive
a suitable multiplier theory. In case of Hilbert spaces, the multipliers are
precisely the £-bounded functions. In case X is not a Hilbert space, we follow
up the approach of [6, 23, 24] assuming £ to be a Riesz bounded spectral
measure for X (for use of Riesz means in spectral calculus see also [14a, 17a]).
This will lead to criteria concerning (families of)) radial multipliers.

Let X, H, FE be as in Section 2. Then £ is called a (R, «)-bounded spectral
measure for X if the operator (x = 0)

W= 011,

10, r =1, (3.1)

(R, ~), = | rnGu p)dE(u), (1) =
JR?
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maps H N X into H N X for each p = 0, and if there exists a constant C,
such that forall p "~ O0andfe HN X

IR, o), [ oS (3.2)

the family {(R, «),},-, being X-measurable in p.

To study multipliers in connection with (R, a)-bounded spectral measures,
let us introduce B}/, as the usual class of functions of bounded variation on
[0, o] and for x - 0

BV,., = §Ae Cl0, o0]; A2, A%V e 4C)00(0, 20), A € B 10,0, o),

[

, N (T e ol
I A T I)JO 1% AN, lim A, < oo (3.3)

‘v

using the following notations: 5 == « -— [«], [x] being the largest integer less
than or equal to «; C[0, o] the set of all bounded, uniformly continuous
functions for which lim,_.. A(#) == A(co) exists; AC1y6(0, 0) or BV (0, o0)
the set of all functions which are locally absolutely continuous or of bounded
variation, respectively. Thus, for integers «, the above definition of BV, ., is
immediately clear. In the strictly fractional case, consider the fractional
integral of order I - 3,0 << B < 1,

5P (s) == $) P A1) dt,

I - ;3)’

and define the fractional derivative of order § by
AP (s) = lim[-~(d/ds) 15" [A](s)].

Usual successive differentiation of A'%®) yields strictly fractional derivatives of
order x == [«] -~ S, ie.,

/\(Q\)(S) — (d//ds)[:\J A(B)(S). (34)

Thus, the classes BV, are well defined for all x = 0. Note that BV, ., C BV,
in the sense of continuous embedding for all 8, 0 + 8 = «, and that for any
Ae BY, /l' 0,

a+i s &

])[m] D

F( iy ’ (t — s dA(1) + A(o0) (3.5)

Als) =

(cf. [23] and the literature cited therein).
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THEOREM 2. Let E be a (R, x)-bounded spectral measure for X for some
x>0, and let Ae BV, ., . Then X| ul) e M, in fact,

TAC u Dl << Coll Allsy, - (3.6)

Proof. Obviously, A(j u|) e L<(R", E). According to definition (2.3). let
e HnN X be arbitrary and set

)[oc] +1 .

o= S T RS ) X (3.7)

Then f*1s well defined as an element of H N X. Indeed, f* € H being obvious,

1 MGG D [t 1), + LA 1< Cl e, /s

(3.8)
yielding /4 € X. Moreover, in view of (3.5) one obtains
/',\ _l),[i]_#fl ’T (‘ (1 — L_J_} dE(ll)f ) o d/\(a)( ) -+ /\(@\/
’ F(AT])O Slul<e N e P "
R . )[a]+1 o ‘ ’ @
fwwwwﬂn 1”m —uoﬂ(mfxm]

= [ ACu D dEw .
"

Extending the operator L of H N X into H n X, defined via Lf == f*, to all
of X, the estimate (3.8) states that ' L | S CUAT By, - This proves the
theorem.

To estimate BV, ;-norms in the strictly fractional case seems to be a
difficult task. Here a modification of a theorem of Weyl (1917) provides us
with a sufficient, easy-to-verify Lipschitz condition.

PROPOSITION 1. Let A have compact support and be ([«] + 1)-fold differ-
entiable on (0, o). [/’f | MDY de is finite for some a > 0 and

'17J ] A([Q]‘f])(‘s ) — )\(Ia]—:»l)(tﬂ dr — (s,

)
where 0 << s < /4 and & = x - [x]} > 0, then X' u ) e M, provided E is a
(R, x)-bounded spectral measure for X.

Since the hypotheses imply A€ BV, (see [23, p. 46]), the result follows.
Concerning uniformly bounded multipliers in connection with Theorem 2
the multiplier norms | A u )|y, are certainly uniformly bounded if
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/ )‘DfBVHx ~= (1), p— w0 (cf. Corollary 4.2). Thus, if the multipliers are of
Fejér's type, e, A u i) = AGuijp), then LA u )y = C,0 A sy, since
the BV, . ;-norm is invariant with respect to dilations. However, the condition
that the multipliers should be of Fejér’s type may be weakened considerably.

PROPOSITION 2. Let E be a (R, w)-bounded spectral measure for X for sonie
x .0, and let Ae BV, . Let $(p) be positive for p 0, and let
D(1) be continuous, strictly increasing on [0, «c) with im, o, ®(t) 0 and
lim,,, @) - oo. Let @ possess ([«] + 2) derivatives on (0, o0) with

Py L CD'(r) (0 I [} 4 1)

C being independent of t, and let @' be monotone for all 1 - t, . 0. Then
AP u )/ Plp)) & M uniformiy for p - 0.

The proof follows along the same lines as for Theorem 2 since the functions
(I — D) D(p)) for O -t - p, 0 fort = p belong to BV, ,; uniformly for
p - 0(see [23. pp. 28, 47]). The result itself is an appropriate modification of
Hardy’s “‘second theorem of consistency.” Therefore, we say a family to be
of Hardy's type if A(u) =+ A(D( v )/ d(p)) with A, @, ¢ satisfying the above
hypotheses. Note that @(r) 7.y - 0,and @(r) - log(l - 1)are admissible
choices but not @(r) - ¢'.

As is shown by the preceding results, the spaces B}V, | are connected with
radial multipliers. In view of Section 2 the problem naturally arises as to
derive multiplier criteria for more general functions = & L*(R", £), not only
for those possessing a radial structure. However, in this paper we restrict
discussion to the latter case.

4. PARTICULAR APPROXIMATION PROCESSES

Let H be a Hilbert space and X be a Banach space such that H n X is
dense in A and X. Let E be a spectral measure with respect to # which is
(R, x)-bounded with respect to X for some « > 0. In this section we would
like to discuss certain particular choices of families {T,} and of functions
in connection with Theorem [. In the following, Z, P, N denote the sets of all,
of all nonnegative, of all positive integers, respectively.

4.1. Comparison Theorems

Let us revisit some examples already discussed in the particular (Hilbert
space-)setting of [5]. The Gauss—Weierstrass operator is defined by

W, ,f ' e EWY S (Je HOX). (4.1)
JR™
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which is to be compared with
- n ‘ u \ \ inlle g g
Bf=| {1+ et dE@y (fe HOX), (4.2)
VR ¥

Obviously, both are radial and of Fejér’s type, and since exp!{—r3|,
(I -1 1ryete BV, for each je P (and, thus, elements of BV, ; for each
x -2 0), Theorem 2 delivers { W, ,}.{B,} C [X ], uniformly for p == 0. In order
to obtain an estimate of type (2.7), in view of condition (2.6) and Theorem 2
we have to check that A(r), 1/A(r) € BV, with
L, 7 | — et

Al)(“) : )\(! u .',D)- Ar) = WT{T . {4.3)
To sketch computations in the case of this (easy) instance, let je P be
arbitrary (cf. [23, p. 56]). Obviously, A is arbitrarily often differentiable for
t -0, in particular,

N e Z(1)
I~ tne!

[1—( - He']? [T - +1)e

and repeated differentiation gives A9t1(r) == C(r''e '+ (2t) 11 =) for
{ —» 20; thus, J'f AN dr < oo, To discuss the behavior of A at the
origin, an examination of Z(r) gives (at least) ZY9(¢) = €(+**) for r —> 0+
and any k € PP. Thus, Leibniz’ rule yields

A1)

I

) I (e ) = o)

5 i ik /
A +1)([) _ Z (/{,)Z( ’)(t) (7‘{7

fe=0

for r — 0-+, since (d/dt)*[l — (I —1)e ]2 = C(t*+*), 0 == k = j. There-
fore, f(l, r AN dr <2 oo which implies A € BV, for any je P, and, thus,
Ae BV, for any « 2= 0. Since an analogous argument also delivers

1/M(1) € BV,.,, Theorems I(a) and 2 imply the following corollary.

CoroLLARY 4.1. Let E be a (R, «)-bounded spectral measure for some
o 2= 0. Then the processes (4.1) and (4.2) are equivalent on X, i.e., there exist
constants Ay . Ay such that for all fe X (and p ~ 0)

A N Wo f = [T = B — [ Asl Wo f [

In connection with Dirichlet’s problem for a strip the following operators,
which are neither of Fejér’s nor of Hardy's type, are of interest
(cf. [2. 4. 5,25])

D,\-{u).y.f - -IR“ /(*{tl‘t,']/(; u D (lE(ll)/ﬂ (4 4)

sinh(n — y) t7 sinh vt

ks{(t’,"/(vt) - Sinh 7]’
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where fe HN X and p =y, y -0, 0 < y < 7 (cf. Section 5.2). These
are to be compared with the familiar Abel means (p = y~1, y > 0-&)

P.f= }R AEWS (feHNOX), (4.5)

which are of Fejér’s type. Again it follows immediately that (D, . {D, .},
1P} C[X]y - To establish an estimate of type (2.7), consider

| — At 2
Asll) = e ) w1 eIy (1)

1 -e i
with v, (1) = cosh( vt/2)/cosh(nt/2) as well as

i b
l € ~m‘/2

S Tk LTl

with v, ,(f) == cosh(yt/2)/cosh({(y — »)¢/2). Obviously, it suffices to show,
e.g., v, (1)e BV, , for each je P uniformly for 0 < y < »/2. To this end

y sinh(y#/2) cosh(nt/2) — 7 cos( yt/2) sinh( nt/2)
cosh®(7nt/2)

t\)M—-

1";,1/(’) —

Further differentiations yield that »!/}" is a finite linear combination of terms
of type

1(}t/2) di(312) di oy (t]2) -0 dyys(t)2)
/7(.)5 7]) cosht 2)(77t/2) )

where p(y, m) .. bn/'1is a certain polynomial in y, n, the d, being either cosh
or sinh, and k is such that 1« Ak <7 j -+ [ Jn an) case, one has for

0 <y nm2that witha, = y or = pand for 2 < /= j+ 2
D) s dfat)
cosh(nt/2) ’ cosh(ntj2) =

Thus, there exists a constant B such that »{:"(¢) =. Be 7'/% uniformly for
0 <y = /2. Thenefore it follows for each je [P’ that A dt), Ay (8) € BV, 4
uniformly for 0 < y = 5/2, and indeed for » > 0. As a consequence, we
have the following corollary

COROLLARY 4.2. Let £ be a (R, x)-bounded spectral measure for some
x == 0. Then, for y -» 0-1-, the process {D, ,} is better than {P,} which in turn
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is better than {D, ,} on X, i.e., there exist constants A, , A, such that for all
feXand <y < 52

All Dx,.l/.f 7/‘ = ;} P:u.f ’7./“ AZ 1 Dvl.!/.f 7/‘

Concerning converse estimates note that /A, ,(¢) is not bounded at the
origin. In order to remove this singularity, one may consider, e.g.

| — e¥t sinh pt

L T o () oy ) R PP

Since | ky,llgy,, < Azy and | /\"ﬂ“”"m 5. Ay for 0 <y = n/2, one may
complete Corollary 4.2 in the following way.

COROLLARY 4.3.  Under the assumption of Corollary 4.2 there exists a
constant Aq such that for 0 << y < n/2 and fe X

| Puf L AT Ds.'yf_'fj = A Ay
A Da.j/f"f S P?/f —fi+ A A i fil .

Hence, in these cases one has direct estimates only up to a remainder
which, however, is of saturation order (cf. [7]).

To treat some classical summation methods of Hardy’s type, let f'e H N X,
p = 0, and suppose D to satisfy the conditions of Proposition 2. We consider
the Abel-Cartwright means

Wof = | w(@Cu/@@) dEGL  wir) = e, (4.6)

the Bessel potentials of order 8 == 0

Losaf = [ B(@(u /@) dEGL b0 = (1 + 07, @47)

and the Riesz means (cf. (3.1)) of order ¥ > 0

(R ®)aof = [ r(®(u /(o) dEGDS. (4.8)

The particular choices ®(¢) = 1, y > 0, in (4.6), (4.8) and D(¢) = r2in (4.7)
yield the standard versions of these means, respectively, (4.6) in turn
reproducing (4.1) and (4.5) for y = 2, 1. Since w, by € BV, ,, for any 8 = 0,
a >0 and r,e BV, for any « =, it follows that {W, . {Le,,l,
HR, K)o} C[X],, for these values.
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COROLLARY 4.4, Let E be a (R, x)-bounded spectral measure for some
o 22 0, and let @ satisfy the conditions of Proposition 2. Then for 5 -0,
k - o the processes (4.6)—(4.8) are equivalent on X, thus, for fe X, p 0

(R~ K)()‘).u/. ‘/ x Wflknf. / = Lib./)’,af B f

For the proof we only mention that under the present assumptions the
functions {cf. [23, pp. 58, 64))

[ 0l | — ¢!
— e e

[(1 ety (o

\

oo d oy

as well as their reciprocals belong to BV, .

In this paper an application of the theory of the previous sections will be
restricted to the above processes. However, it is obvious that a number of
further applications may be given to those approximation processes generated
via radial summation methods of some Riesz-bounded fa’E(u).

4.2. Jackson- and Bernstein-Type Inequalities

Concerning applications of Theorem !(b) to approximation processes
such as those mentioned above one may formulate the following corollary.

COROLLARY 4.5, Let E be a (R, x)-bounded spectral measure for some

x 2> 0, let D satisfy the conditions of Proposition 2, and suppose that

S(u) = [P u )] generates a X-closed operator B® for some O =y < 1. Then

Jor the processes (4.6) and (4.7) one has the following Jackson-type inequalities
(D being a suitable constant)

Wyl S D@ iy e x4 (4.9)

(/e X¥). ,
Loy, f =11+ D@ fi,. (4.10)

Since 0 =y = |, one has ¢t e ' — 1)e BV,,, for each je[P. and
inequality (4.9) follows immediately by Theorems I1(b) and 2. This together
with Corollary 4.4 also implies (4.10).

COROLLARY 4.6. Under the assumptions of Corollary 4.5 one has the
following Bernstein-type inequalities
CBOW L f 1 D[P S (feX) (4.11)
forall y = 0 and
BYLyg,of| = D[P |/ (feX) (4.12)

Jor 0 =y =2 B, D being a suitable constant.
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Since for any jeP one has e e BV,; for any v =0 and
(1 ~~t)®e BV, forany 0 -i y = B(cf. [23, pp. 56, 65]), these inequalities
follow by Theorems I(b) and 2.

Of course, the present frame also enables one to derive Bernstein-type
inequalities which (partly) cover the classical ones dealing with derivatives
of trigonometric polynomials or entire functions of exponential type. Indeed,
let Cyo({0, o0)) be the space of functions which are arbitrarily often differen-
tiable and have compact support on [0, o). For ¢ = 0 let A7) € Cyiy([0, o))
be such that A(r) = ¢ for O - ¢ I and = O for ¢ 2. Then obviously
Ae BV, for any j & P. Therefore, there exists a constant D such that for @
satisfying the conditions of Proposition 2 one has

D u )

|;”)\( 5, ) dEwT D 1‘|'H” dEw) (4.13)

forany fe Hn X.

To give an application let us consider the Riesz means (4.8). Then, for any
w o wx, one has {(R. k).t C [X]y, uniformly for p = 0. Therefore. for any
JelnXandy =0

D(| |
’ [D( ) { ! 72%)‘)) 1E(u) f
DR [ (1 ,%‘l%l)" dEw) | (4.14)

in fuct, it H(u) = [D( « )] generates a X-closed operator B*, there exists
a constant D, such that
BUR, «)s../ D[P}/ (+.15)
for any f'e X.
Finally, as an application of Zamansky-type inequalities we mention that
(Pa) = [PGudP.y - 1)
CBW L AP W S — 1 (fe HOX), (4.16)

since 17e /(1 — e~y e BV, for each je P if y = 1.

5. PARTICULAR SPECTRAL MEASURES

In this section, applications of the previous results are given by studying
certain concrete instances of spaces H, X, and spectral measures L. Rather
than give a complete list of possible applications, our aim is to show how the
present approach covers diverse classical results in a unified way as well as
how it leads to some new results in concrete situations of Fourier analysis.

640/8/4~5
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S.1. Discrete Spectra

Let Z" be the n-fold Cartesian product of Z with elements m = (m, ,..., 11,).
Let H be a Hilbert space and {P,, ;. me 7%} C[H] a complete system of
mutually orthogonal projections of H into H so that each /e H admits an
expansion

f=3% PuS  (feH). (50

Setting, for any Borel set ¢ € 2,

E(c)= Y P,. (5.2)

MET

it is obvious that £ defines a spectral measure on 4. Let X be a Banach space
such that H m X is dense in & and X. The corresponding approximation
processes | T,| are then given via expansions of type

T.f == > 7m) P,/ (fe HNX). (5.3)

mez”

The notion that £ is a (R, x)-bounded spectral measure on X now reads

N T I NI VL ToP CRNEYY

LT

It is essentially this particular situation which was dealt with in
[6, 11,12, 23]. Thus, all the results of these papers are here subsumed so that
one may revisit multiple Fourier series, diverse classical expansions such as
those concerned with Bessel, Laguerre, and Hermite functions, Jacobi
polynomials, spherical harmonics, etc. Since Riesz means are bounded if and
only if the Cesaro means of corresponding order are bounded, one may
replace condition (5.4) by the corresponding one involving Cesaro means
(which was in fact the procedure in our previous studies). Finally, let us
mention that the restriction to the discrete case implies several simplifications.
For example, the spectral measure can be defined on all of X so that no
auxiliary Hilbert space is needed, and the operator B¥, then defined by
$(m) P, f == P,B%, meZ", is obviously a closed operator.

5.2. Fourier Convolution Integrals

Let H = L*R*) and define the Fourier(-Plancherel) transform &( f) of
fe Hby (tu = X5_, vu;)

hm | F()) — 2m) " |

lul<a

fu) e du ‘H — 0. (5.5)
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Let ¥ be its inverse and B, , o € 2, be the muitiplication projection

s‘Baf(u) = pq(u)f(u)’ pa(u) _ ;(l), ueao,

, ueo. (3.6)

Setting, for arbitrary o € 2|
E(o) = § "B, (5.7)

it is a familiar fact (cf. [8, p. 1989]) that £ is a spectral measure on /1.

Let X = L¥R"), 1 <L p << oo, or X == Cy(R"), where these spaces are
defined as the set of all functions /" which are Lebesgue integrable to the
pth power or continuous with lim ., f(u) == 0, endowed with standard
norms

- i/p
:‘ | f(u)}” du: , 1 sip < oo, or max | f(u)l,
‘R : neR™
respectively. Then # N X is nonempty and dense in H and X.
On these Banach spaces X we would like to consider operators of Fourier
convolution type, e.g.

I(x) = Qmy | flx— wdptw) ([ X) (5.8)

with e M(R"), the set of all bounded Borel measures on R”. As an imme-
diate consequence of the standard convolution and inverse theorems
{cf. [8, 1993-8]) one has that operators of type (5.8) may be represented on H
in terms of the spectral measure (5.7) via

T — ’R 1) dE(u) (5.9)

where p™ (1) = (2m) " g e7"* du(x) is the Fourier (-Stieltjes) transform of
€ M(R?). Thus, operators of type (5.8) are subsumable under the frame of
the previous sections.

Concerning an application of Theorem 2, the spectral measure (5.7) is
(R, x)-bounded on X for o = (n — 1) | p~' — 271, 1 = p = v, the case
p = oo corresponding to X == Cy(R") (cf. [23] and the literature cited
therein; Theorem 2 for p == | and [« + 1]-fold monotone A see [17]). Now
one may reconsider all the results of Section 4 for the present H. X, and E.

In connection with Corollary 4.1 we first of all observe that the processes
(4.1) and (4.2) are of type (5.8), in fact

Wo o f(X) = (p/2mV/2)" |Be F(x — u) e o dy, (5.10)

I'((n + 1))2)

i n -1
B,f(x) = e P JR"f(X — u)

(1 + (puy?)m+ 2

du (5.11)
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is the explicit representation of the extension of these operators from H N Y
to all of X. Asis well known, the integral (5.10) is connected with the solution
of the heat equation in R” with initial value f (upon settingp — ¢ .1 > 0-),
whereas (5.11) is connected with “‘Boussinesq’s first problem™ in the theory
of elasticity (cf. [5. 20, (88.29)]).

COROLLARY 5.1, Let X be one of the spaces L"(R"). | p o T oF
Cy(R"). Then there exist constants A, . A, such that the estimates of
Corollary 4.1 hold for all {'= X and p = 0.

As already mentioned, the integrals (4.4) are related to Dirichlet’s problem
for the strip {(x,1): x= R". 0 - 3y « =} in connection with symmetric and
antisymmetric boundary values, i.e.. D,/ D f - fand D,/ D, ./
respectively. They are of type (3.8) (cf. [2. 4. 25]): for example, for s == 1 one

has the explicit representation in the symmetric case (w0 - 7%)

| w sin wy - cosh wu

D f(x)= - (v = U) = e (i

ol () ™ ’ /f ) sinh? wu -- sin? wy

Concerning (4.5), P,/ is the solution of Dirichlet’s problem for the upper
half-space {(x.y); xRy 0} (case v — o) and given by the Poisson
integral

) 7 | P v
P’;/_f (X) = '""?(Tﬁg’ - .‘R” / (x ll) 7([{? 71";:_,)*('“ T du.

~

Hence, once again one may reformulate Corollaries 4.2.3 the estimates of
which, therefore, hold for each element / of the present X-spaces. Thereby,
the importance of these global estimates of the operators D, , 1. D, ., [
in terms of £, 71is based upon the fact (cf. [4, S]) that they enable one to
transfer all the specific approximation-theoretical results. known for the
nicely structured process {P,! (forming a semigroup. being of Fejér’s
type, etc.). to the more complicated processes (D, 1, (D, 1.

Obviously one may also reformulate the other results of Section 4 in the
present instance. However, we restrict oursclves to an application of (4.13)
in connection with entire functions of exponential type. The latter ones are
holomorphic on C” (the n-fold Cartesian product of the complex plane )
and satisfy for arbitrary z = (z; ... z,)e ¢

7[(:)1 . A(’H( Ty oon, )

for some positive constants 4 and a. If the restriction of / to R" is pth power
integrable, we write /¢ B, ,, | p = . In case p - 2 the Paley-Wiener
theorem [19, p. 128] states that

S0 = [ R e de (€ B, L)

Sl
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thus, in particular £(o) = 0on B, ,if e e Zando N {veR"; ¢ |? < na?} = .
Hence, an application of (4.13) yields that for all fe B, , N B, ,

w\ J;R, (D u )] dE ll)/\ D[P 2a)) 1 f] (5.12)

iy

with some constant D independent of a and /. The extension to all of B, ,
may be performed in the following way.
To each function f e B, _, there exists some sequence { f.} C B, , . say

— (. )1I(Sm€\ )2

such that (see e.g. [15])

im0~ A=), 0 (0 p e %) (5.13)

for each m e P, 4 being the standard Laplacian 3", (¢/¢x;)? and (1 — Ay
the identity operator. Then it is not difficult to show that the operator B¥, as
defined in Section 2, is meaningful on any B, ., and may be extended from
B, s.,NnB,., ,toB, , if one chooses, e.g. (« 0)

) ul)="u,

() Pliul) = (1 — JuPpe, (5.14)

(i) H(iwy) = log (1 + u i)
To this end we modify a device of Lizorkin [I5]: Note that A(s) —
Yyl =13 e BY,., for each je P provided m  «. Hence, M' 1) is a
multiplier on LYR") and, thus, has to be the Fourier transform of some

ne M(R"). Since F[f.] € LAR") has compact support one obtains (cf. (2.5)
and (5.7))

Bifx) - ‘ AC u D)+ fa 2y LA ) e du,
CRT
and on account of the convolution structure
BUAY) - Qmy [ (1 — Ay £l — v dud ), (5.15)
YR

which gives the extension of B¢ for € > 0+ to all of B, , by (5.13).
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Thus, (5.12) gives, for example (more precisely, first one has to substitute
D' 2a) by D(n'*a -~ 2¢)) and then to let € -» 0-+)

{BIES L, < Dint2a)y | 1, (€ Byyix - 0), (5.16)
GBI e DO ety RS, (/€ B, x - 0). (317)
BlO,‘I(ly Ulj.f‘.‘p T D lOg(l T ’71”‘20)53_/“1: /F a, 1) (518)

Let us remark that Bi*:'f may be interpreted as a Riesz derivative of order «
and BO-i""1""fas a Bessel derivative of order ~ (cf., e.g., [15). Incase » - 2m
the estimate (5.16) in particular yields

Anfh, - D' Ray i, (fe B,

(5.17) for all & - 0, ne N coincides with a result of Nikolskii (cf. [17]).
Furthermore, (5.16) extends a result of Lizorkin [15] from « = [ and # - |
to « - 0 and arbitrary integral n. Note, however, that Lizorkin obtains the
best possible constant D == | (also for (5.17) in case o =~ 2n - 1. x = 2k)
which to obtain by our approach seems hardly possible.

5.3. Hankel Convolution Integrals
Choose, for v == 0 fixed, the Banach space X as

L70, ) = Vo f e = | 0 D ol (e ),

Ja |

where w (1) — [274V20(v =+ 3/2)] 1> ' Thus, H — L**(0, ), and H N X
is dense in X and H. Define the Hankel transform $.( f) of f¢ H by

oy

1imH| STEFUNS2 S,y o5 dit — DLF)s) = O (5.19)

% I

this limit exists for all fe H, and 9, is self~reciprocal, Le., HIH(N] =71
(see [1, p. 2261). Setting, for arbitrary o € X,

E(o) = D P00, «1D: - (5.20)
R, being given by (5.6), it is known (cf. [5]) that £is a spectral measure on H
in R

On the above Banach spaces X we would like to consider operators of
Hankel convolution type, e.g.

Ti(t) =j#glt) = _“Lf(r)g(b') D(r, s, t) dur) dus), (5.21)
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where g € L1 and
D(r, s, t) == [I'(v) at/2]71 2852 (v +— 1/2)%(rst) 2L A(r, s, 1)>3,

A(r, s, t) being the area of a triangle whose sides are r, s, ¢ if there is such
a triangle, and zero otherwise. The spaces L/, the convolution concept as
well as the above definition of the Hankel transform are taken over from
Hirschman [14]. As an immediate consequence of the convolution
theorem [14] one has (cf. [5]) that operators of type (5.21) may be represented
on H in terms of the spectral measure (5.20) via

T = 'x e7(s) dE(s), (5.22)

)

where | g7(s) =<l gy, (see [14]), g~ being given by

&) = | 7RSS,y olst) .
Mt
In order to apply the general theory of Sections 3 and 4 we only have to
establish the (R, x)-boundedness of the above spectral measure in the
X-topology.
To this end let us first discuss the Bochner—Riesz means of f'e H N X,
namely (cf. (4.8))

f#D, (\rm (7)), Fy o (8) = 28 — 52, (3 / ; w1,

Since H,(p* 1g(p))(s) = HAg)s/p)and || p2iig(p )iy, = ['g !, ,itsuffices to
examine 9,(r,.)(7). Now, by [9, p. 26, (33)] one obtains (C being a constant
independent of )

S}v(":’.a)(t) = Cl' . ﬂil/z‘ll' :—L\+1/2(t)’

L ) (t/2)3+2j
Jo(t) = Y S
0= 2 OV GG e
Since for fixed $ there holds Jy(z) = ¢(1—'/?) for t — oo, one obviously has
9.(r,.) € L1 for « > v. Using Stein’s [21] interpolation theorem this yields
forl <. p < o

; pzwll‘a,a(,ﬂ Y HES, — ” J:)n(l — (s3/pP)) (/E(S)frj

n

<AL (2 Up — 12D
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Replacing p? by p’ it is clear by the proof to Theorem 2 that B}V, is again a
multiplier class. Observing that r(s) -~ (1  s) " r, (). it is easy to verify
that {1 — )™ e B}V, for each j= P, and, therefore, (I - s/p)~* is a multi-
plier uniformly in p = 0.

PrOPOSITION 3. [let fel* N Lr 1 p~lw,and ~ v |- 2ip-.
Then

[ sip) dE(s)/ | Coif -

T 0 »o

~

Hence, ail the properties required for the results in Sections 3 and 4 are
satisfied. In particular Theorem 2 and Propositions 1 and 2 give multiplier
criteria for Hankel transforms. Multiplier criteria of the Marcinkiewicz-type
fotflow from lgari [14b] and in weighted L’-spaces {rom Guy [13]. But
Guy’s notations are only consistent with the ones used here in case p 2
$H.(/) as given above is called a “modified” Hankel transform by Guy. For
| < p = x.p - 2, hetreats multiplier operators for the “ordinary™ Hankel
transform

I Flt) Jst)(st)r i dr,
0
which is closely connected with the Fourier transform on the real line: indeed,
some type of transplantation approach is applied.
Let us conclude with a brief application to Jackson- and Zamansky-type
inequalities for the Bessel potentials with @(s) - s> and 8~ - 1. Thus,
b, (s%p?) (I - s2ip?) ) and (see [14])

Dol (5 pE) = ¢ Mpr 2 e 12 T2y )

is the kernel corresponding ¢ in (5.21). To give a concrete interpretation of
particular () occuring in (2.8) and (2.12). let us consider the differential
operator

LIy - ) e [, (5.23)

which coincides with the standard Laplacian for radial functions on R* in
case 2v = n - . For appropriate smooth fe L2 [ this differential
operator satisfies the relation (see [14])

T e ’ stdE(s) .
0
The explicit representation (5.23) of [ | shows that B is an X-closed operator.
Thus, since [1 — b, (s)] s tand s - b, 1(s)/(1 - b, (s5)) both belong to B}V, ,
for each j< PP, one has the following corollary.
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COROLLARY 5.2. Let X, H, E, and [] be as abore. Then

(l) i L_,-‘Z‘y..].[)‘f 7~]/A ‘11.1' . CIP 21 Df ‘l),l' (./le /\/s:)’
(”) \ [:—.]L.\‘Z.I“}lJlf. po = C‘_’Pzi Laz.l'bl./r.f - / ne (/5 X)

As a final remark [et us observe that the discrete case as treated, e.g. in [6],
was developed in terms of expansions according to projection operators
(cf. (5.1)). This approach could also be interpreted in terms of expansions
according to (generalized) bases (see [6, Section 2]). For the transition from
the discrete to the continuous, and for the subsumation of both continuous
and discrete theories in one framework we have chosen the standard approach
via (projection-valued) spectral measures, it sufficing for the range of appli-
cations considered by us so far. Perhaps it may be possible to cover the
material presented by Masani’s [16] very modern theory of H-basic, countably
additive, orthogonally scattered measures which may be considered as sub-
stitutes for (ordinary) bases.
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