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I. INTRODUCTION

(n recent years some of the fundamental problems of approximation theory
have turned out to be thc verification of Jackson-, Bernstein-, Bohr-, and
Zamansky·type inequalities for particular approximation processes. the study
of the comparison of two different processes with respect to their rate of
convergence, as well as the associated problems of nonoptimal and optimal
(or saturated) approximation for given processes.

These problems have recently been examined in a unified way in abstract
Hilbert spaces (cf. [5]) as well as in the frame of abstract Fourier series in
Banach spaces, the processes in question being assumed to possess some
multiplier structure (cf. [6,10-12,23]. see also [3]).

In this paper we would like to continue our previous investigations. this
time to extend them to Banach spaces as well as to operators possessing
arbitrary (e.g. continuous) spectra (instead of discrete ones). This will be
achieved by studying approximation processes to be defined via multipliers
with respect to arbitrary spectral measures. Then it is again possible to
translate problems such as those mentioned above into the language of
uniform llluitiplier conditions (cr. Section 2). This calls for multiplier criteria.
and Section 3 shows that in connection with radial multipliers we may use
the criterion already elaborated in our former studies (cr. [6,23]) and based
(ef. [22.24]) upon the uniform boundedness of Riesz means. Finally, the
last two sections are devoted to applications: Whilst Section 4 presents
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336 BUTZER, NESSEL, AND TREBELS

examples of concrete processes in arbitrary Banach spaces such as the Riesz
means and Bessel potentials, Section 5 specifies some classical examples of
concrete Banach space and spectral measures such as those connected with
Hankel and multiple Fourier transforms. thus illustrating this unifying
approach to the subject. In a forthcoming paper we shall deal with more
intricate expansions including variation diminishing kernels, their treatment
being based upon their fundamental representation in terms of (two-sided)
Laplace transforms, a theory initiated and developed si nce 1930 by
Schoenberg (see e.g. [18]).

2. GENERAL THEORY

Let X be a Banach space with norm:i' and [X] the algebra of all bounded
linear operators of X into itself. Consider on X strong approximation

processes {TpL>o C [X]; thus, lim"" Tlf 0 for each IE X. To
discuss the above topics, it is appropriate to look for some auxiliary Hilbert
space H with H n X nonempty and dense in H and X, respectively (e.g. in
Section 5.2 we shall study the particular situation H U(IRIl) and
X U(IRII), I p CXJ). The given approximation processes {Tp ] are then
to be generated by some spectral measure Eon H via the following procedure.

Let}; be the family of Borel sets a in IR", the (real) Euclidean II-space

(elements of IR" are usually denoted by II (ill'"'' II,J, v, x, elements of /R I
by s, t). Let E be a (countably additive, bounded) spectral measure for H
inlR", i.e., E(a) E [H] for each a E}; and ( being the void set, lthe identity
mapping)

(i) E(a] n ( 2 )

(ii) E( O.

E(a]) E(r)'2) for all ()'l' ()'2 E ,E.
E(IRI!) =c r

(iii) E (91 ()'i) = t1 E(aJ where rTf r= 1..' and u, n Uj for /.
(2.1 )

Let LU'(/RI!, E) be the set of E-essentially bounded, Borel measurable functions
,on IR". Then the integral fJ<n ,ell) dE(u) is well defined in the strong operator
topology as an element of [H]; in fact. the map, -+ fRn ,(lI) dE(u) is a
homomorphism of the algebra L"'(/RI!. E) into the algebra [If]. thus.

for every 71 , 72 E U(/RII. E). For these basic facts compare [8. pp. 900, 1930.
2186, particularly the definition of the algebra 'l( p. 1964].
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Now T E U)([Rn, E) is called a multiplier on X (with respect to E, H) if to
each f E H n X there exists fT E H n X such that

fT = J~" T(U) dE(u).f~ A I (2.3)

Thus, the operator T of H n X into H n X, defined via Tf = fT, has (unique)
bounded linear extension to all of X, i.e., T E [X], and in the following we
shall not distinguish between T and its extension to all of X. The set of all
multipliers T on X is denoted by M= M(X, E, H), the corresponding set of
multiplier operators T by [Xl\,{ . Setting

I}. (2.4)

:tt is a commutative Banach algebra with respect to the natural vector
operations and pointwise multiplication, isometrically isomorphic to the
subspace [X]M C [Xl

Apart from the fact that the approximation processes {Tp } are of multiplier
type, we shall be concerned with certain closed operators. To this end, let
L~~c([R", E) be the set of all Borel measurable functions .p on [Rn which are
E-essentially bounded on any compact subset of [R". Let Iii E L~c([R", E) be
arbitrary, and let H'" be the set of aliI E~ H for which there exists f'" E H such
that

E(a)f'" = I" .p(u) dE(u)I
"a

(2.5)

for each bounded a E.E. Obviously, if 8 1' is the operator with domain H'"
and range in H, defined by B~l = /'", then 8'" is a closed linear operator
(with respect to the topology of H).

Now let .p E L~c([Rn, E) and let X(/' be the set of allfE H'" n X for which
/'" E H n X. Then Vi is said to generate a X-closed B'" if the operator
B,j,: Xo'" ---+ H n X is closable in the X-topology, thus has closed linear
extension, also denoted by B'", with graph Xolb X BIb(Xolb), closure taken with
respect to )( x X. If the domain of (this extension of) B'" is denoted by X1',
then XC, is a Banach subspace of X with respect to the norm

~.c I +! nil with seminorm II," given by! 8'"fl.
An immediate consequence of the fact that all operators in question should

be of multiplier-type in the above sense is that all the problems posed at the
beginning may be transposed into corresponding ones upon the coefficients T,

If in the form of uniform multiplier conditions.

THEOREM I. Let {T,J C [Xhf he associated with multipliers {To} eM.
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(a) Let {S,,] C (X]M be afilrther process associated with g,,} C M.ljthere
exists a family {\J C /vi with !' \, !M A unijormly for p ~> 0 sllch that for
(almost all) liE [RII

T,,(U) (2.6)

then one has the (global) comparison theorem (with respect 10 Ihe rate 0/

convergence)

A ! Sol--j (lE X). (2.7)

(b) Lei ¢(p) he a positive, monotonely increasing/imction on (0. (0) with
Jim o_> ¢(p) = 00, and lei if; E L~cC[RJl, E) generate a X-closed operator Bw.
Then

I] if;(u) \,(1I),
0>')

(2.8)

implies the Jackson-type inequality

whereas the condition

A;f .;, (2.9)

(2.10)

implies the Bernstein-type inequality

and the condition

the Zamansky-type inequality

A¢(p): Tol- /

(fe X)

sup! "".M A
0>'\

(lEX).

(2.11 )

(2.12)

(2.13)

Prool (a) LetjE H n X be arbitrary. Then (with respect to H, cf. (2.2»

T"f I r [T,,(lI) - I] dE(lI)I
~' ~n

where L" E [XhI is associated with \, E M. By the very definition of a multi­
plier operator, the latter relation holds for all j E X proving (cf. (2.4)) the
assertion.
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(b) Since Lp(H n X) C H n X, it follows that LpB'"fE H n X is well
defined for each f E Xo'". Hence, by (2.8) one has for any bounded a E'};

E(a)[LpB~f] = r ","(u) !feu) dE(u)f
.'J

= r .p(p)[Tp(U) - I) dE(u)f = E(a)[.p(p)(Tpf -- f))
"0

so that for eachf E' Xo'"

LetfE X'" be arbitrary. Since by the definition of X'" there exists U;} C Xo"'

such that III - /1 --+ 0,1 B"f; - B"'f ' --+ 0, assertion (2.9) follows. Observing
that the hypotheses (2.10) and (2.12) imply Tp(!f n X) C Xo'" and, thus,
To(X) C X", for each p :> 0, assertions (2.11) and (2.13) follow analogously.

Let us mention that if an estimate of type (2.7) is valid, then the process
:Tp} is called better than {Sp} on X. If also a converse assertion is valid, then
the processes are said to be equivalent on X, in notation TJ - f .."", SJ' -- f,
lEX.

One may discuss Bohr-type inequalities (ef. [10; 23, p. 53] for treatment in
the discrete case) as well as the saturation problem along the very same lines.
However, the latter problem will be dealt with more extensively in [7] where
we commence with self-adjoint spectral measures, use dual methods, and
assume H n X to be weakly* dense in X so as to cover also the space
X - L '([R;II) in the Fourier integral case, for example.

3. A MULTIPLIER CRITERION

On account of the reformulation of the approximation-theoretical problems
in terms of multipliers, the actual problem in the present setting is to derive
a suitable multiplier theory. In case of Hilbert spaces, the multipliers are
precisely the E-bounded functions. In case X is not a Hilbert space, we follow
up the approach of [6, 23, 24] assuming E to be a Riesz bounded spectral
measure for X (for use of Riesz means in spectral calculus see also [14a, 17a]).
This will lead to criteria concerning (families of) radial multipliers.

Let X, H, E be as in Section 2. Then E is called a (R, ex)-bounded spectral
measure for X if the operator (ex 0)

( R ,,,) = /' r (; u Ip) dE('u)'(J C't, 'I ,

_lR t1

o t ~ I,
I,

(3.1)
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maps H n X into H n X for each p 0, and if there exists a constant C"
such that for all p 0 andfE H n X

!I(R, ex),J,j (3.2)

the family {(R, (x),,)o>o being X-measurable in p.

To study multipliers in connection with (R, ex)-bounded spectral measures,
let us introduce B VI as the usual class of functions of bounded variation on
[0, CfJ] and for eX 0

BV h C[O ]. ,(iJ) '("--1) - AC (0 ) ,(,,) - B" 0 ),,~1 = i 1\ E . , CfJ , 1\ , •.. , 1\ E lac, U.), 1\ E f' loc( , CfJ ,

using the following notations: (3 x- [ex], [.x] being the largest integer less
than or equal to (X; C[O, <Xl] the set of all bounded, uniformly continuous
functions for which lim l _,? Nt) A( CfJ) exists; ACloc(O, CfJ) or B V1oc(0, CfJ)
the set of all functions which are locally absolutely continuous or of bounded
variation, respectively. Thus, for integers ex, the above definition of BV'~l is
immediately clear. In the strictly fractional case, consider the fractional
integral of order I (3, 0 <: (3 1.

I I" '"
1;',-13[/\](5) c= r(j~m J, (I - - .1)-13 A(I) dl,

and define the fractional derivative of order (i by

Usual successive differentiation of ,\IiJl yields strictly fractional derivatives of
order ex c= [ex] -i- (3, i.e ..

(3.4)

Thus, the classes BV"H are well defined for all x O. Note that BVoH C BV1H1

in the sense of continuous embedding for all (3, 0 < (3 ex, and that for any
;\ E BV"H , ex ;?: 0,

Ns) (3.5)

(cf. [23] and the literature cited therein).
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THEOREM 2. Let E be a (R, ex)-bounded spectral measure for X for some

ex :;:c 0, and let AE B V, '1 . Then A(I 11 I) E M, in fact,

(3.6)

Proof Obviously, ,\(, u I) E L"([RII, E). According to definition (2.3). let
f E H (', X be arbitrary and set

f A = i.=-, I ).[a] -1-1 jd_ (R ,) f'. a dA(,) () A( JJ),j: (3.7)
, T(" -1- 1).0 ,>: D P P

Then!" is well defined as an element of H (', X. Indeed,f\ E H being obvious,

liP [c,/r(>: [- 1) (T p', dA(a)(p) , + I A(JJ)I] fli
• 0

Cal Ails v" 1 fi,
(3.8)

yielding j A E X. Moreover, in view of (3.5) one obtains

(_1)["]+1 " " I u!·a
f" - --~7--1 (I, ,( 1 - -'--~) dE(u)j ) pO dA(a\p) + It( JJ)f

r( ex r 1). 0 . ,Ill <Or; , P

" [(_1)[0]+1 d_ ]- I dE(u)f ,I - I (p -- u IY dA(a)(p) j A( JJ)
• Gil" 'r(ex I I) JIII I

~ /. A( I u I) dE(u)f
• L~n

Extending the operator L of H (', X into H (', X, defined via Lf == f\ to all
of X, the estimate (3.8) states that L I[xi C" A18v.+

J
• This proves the

theorem.
To estimate BVo,rnorms in the strictly fractional case seems to be a

difficult task. Here a modification of a theorem ofWey1 (1917) provides us
with a sufficient, easy-to-verify Lipschitz condition,

PROPOSITION 1. Let A have compact support and be ([,x] + I)-fold difFer­
entiable on (0, JJ). If f~ l' ,;\1[,]11(1) dt is finite for some a °and

(CD t' 1 A(hJ+J)(s ~- t) - A([O]+1\t) I dt = ((!(S6),
• 0

where ° s 1/4 and 0 'x [:x] > 0, then A( u) E M, provided E is a
(R, ci)-bounded spectral measure for X.

Since the hypotheses imply AE BVa +1 (see [23, p. 46]), the result follows.
Concerning uniformly bounded multipliers in connection with Theorem 2.

the multiplier norms Ap(1 u JIM are certainly uniformly bounded if
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II Ap : BV . C:'(I), p --~ 00 (cf. Corollary 4.2). Thus, if the multipliers are of
::0-,1

Fejer's type, i.e., ,\,c u !) = ,\(1 u i!p), then Ap ( u )i ll C, ,\ illVn+l since
the B V\+l-norm is invariant with respect to dilations. However, the condition
that the multipliers should be of Fejer's type may be weakened considerably.

PROPOSITION 2. Let E be a (R, "~i-hounded spectral Ineasure/c)r Xfor some
" 0, and let A E= BV, .l' Let ¢(p) he positive !c)r p . 0, and lei
<P(t) be continuous, strictly increasing on [0, CJ~) with lim ,o t cP(t) 0 and
Jim ,_" <P(t) CfJ. Lei <P possess ([eY] 2) deril'Gtil'es on (0. cY.J) with

C<P'(t ) (0 flY] i I).

O. ThenC being independent of t, and let CP' be monotone for all t
A(et>( u i)!¢(p») EM uniformly for p O.

The proof follows along the same lines as for Theorem 2 since the functions
(I et>(t)!et>(p)) , for 0 t p. 0 for t p belong to BV'II uniformly for
p 0 (see [23. pp. 28,47]). The result itself is an appropriate modification of
Hardy's "second theorem of consistency." Therefore, we say a family to be
of Hardy's type if ,\,(11) ,\(<P( II )!¢(p» with A, et>. ¢ satisfying the above
hypotheses. Notethatet>(t) t".y O,and<P(t) 10g(li t)areadmissible
choices but not <P(t) e'.

As is shown by the preceding results. the spaces BV, 1 are connected with
radial multipliers. rn view of Section 2 the problem naturally arises as to
derive multiplier criteria for more general functions T E U([R", E), not only
for those possessing a radial structure. However, in this paper we restrict
discussion to the latter case.

4. PARTICULAR ApPROXlivlAno"! PROCESSES

Let H be a Hilbert space and X be a Banach space such that H n X is
dense in H and X. Let E be a spectral measure with respect to H which is
(R, tY)-bounded with respect to X for somey O. In this section we would
like to discuss certain particular choices of families {T,,) and of functions Iff
in connection with Theorem I. In the following, 7L, !P, N denote the sets of all,
of all nonnegative, of all positive integers, respectively.

4.1. Comparison Theorems

Let us revisit some examples already discussed in the particular (Hilbert
space-)setting of [5]. The Gauss-Weierstrass operator is detlned by

r. ('IU!")' dE(u)f
• U'!n

(Ie f-{ n X), (4.1)
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which is to be compared with

343

BJ ~~ /' (I -+ ld) e-inl/o dE(u)f
'U«" - P -

(fEH n X). (4.2)

Obviously. both are radial and of Fejer"s type, and since exp( -t~:.
(I I t) e- t E BV, 1 for each j E IP' (and, thus, elements of BV" I for each
x 0), Theorem 2 delivers {W2 ,,,}. {B,,} C [Xlv! uniformly for p O. In order
to obtain an estimate of type (2.7), in view of condition (2.6) and Theorem 2
we have to check that '\'(t). I/,\,(t) E BVHI with

1- e t'
'\',,(u) ._~ ,\,(! u/p), ,~(t) = 1_ (1- t) e t • (4.3)

To sketch computations in the case of this (easy) instance, let j E IP' be
arbitrary (cf. [23, p. 56]). Obviously, ,\, is arbitrarily often differentiable for
t 0, in particular,

- (I + t) e t

I e- t' _
------teIC::""'-CI t) e-IF

Z(t)
[1-(T+t) e-~:i- ,

and repeated differentiation gives Ni+lI(t) = t(tl Ie t + (2t)i 1'-1') for
t--~ JJ; thus. I: t i I ,\,(jf1)(t)1 dt <_ JJ. To discuss the behavior of'\' at the
origin. an examination of Z(t) gives (at least) ZU,)(t) = (((fI ..k) for t-+ OJ..
and any kElP'. Thus, Leibniz' rule yields

for t-~ 0+. since (d/dt),,[1 - (I -i- t) e t]2 = t(t!/'J, 0 k j. There­
fore. I~ t i I ,\,IHl)(t)1 dt < CfJ which implies'\' E B Vi+l for any j E IP', and, thus,
,\, E B V,,_I for any IX O. Since an analogous argument also delivers
J/,\,(t) E BV'+l' Theorems I(a) and 2 imply the following corollary.

COROLLARY 4.1. Let E be a (R, cx)-bounded spectral measure for some
IX O. Then the processes (4.1) and (4.2) are equivalent on X. i.e., there exist
constants AI' A2 such thatfor allf E X (and p 0)

Ali, W~.J- fl, B,J-I'l A 2 1 W2.J fi'
In connection with Dirichlet's problem for a strip the following operators.

which are neither of Fejer's nor of Hardy's type. are of interest
(cf. [2. 4, 5. 25])

D.{o}"J = r kdo},'IC u I) dE(u)f~
~ .. lR!'1t

k
- (- ) ~ sinh(1)- y) t(t:} sinh yt
s{o} ,-" t .- sinh YJt

(4.4)
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where IE H n X and p ~~ r\ Y --). 01, 0 <: Y < YJ (d. Section 5.2). These
are to be compared with the familiar Abel means (p =, r l , y ). 0-1-)

(IE H n X), (4.5)

which are of Fejer's type. Again it follows immediately thatlDs.yj,!D".-,J,
{P y } C [Xhl' To establish an estimate of type (2.7), consider

with vs.-,Jt) ~_. cosh(yt/2)/cosh(YJt/2) as well as

I --- e 'It

with v".y(t) cosh(yt/2)/cosh((YJ-- y)t/2). Obviously, it suffices to show,
e.g., vs.it) E B Vj, I , for each j E IP uniformly for 0 < Y YJ/2. To this end

v' _(t) == ~ y sinh(yt/2) cosh(YJt/2) ~_YJ c?,s(yt/2) sinh(r)t/2)
s. 'I 2 cosh2( YJt/2) .

Further differentiations yield that V;:,~1) is a finite linear combination of terms
of type

where p( y, r) bYj!' 1 is a certain polynomial in y, Yj, the die being either cosh
or sinh, and k is such that I k j I. In any case, one has for
o y YJ/2 that with a i = Y or = 1) and for 2 i j ~ 2

dI ( yt/2)
------
cosh(Yjt/2)

-.,,1/4e ,

Thus, there exists a constant B such that v~:/)(t) Be-nl/J uniformly for
o < y Yj/2. Therefore, it follows for each j E IP that As.it), Aa.it) E B Vj~l

uniformly for 0 y Yj/2, and indeed for YJ O. As a consequence, we
have the following corollary.

COROLLARY 4.2. Let E be a (R, a)-bounded spectral measure for some
\ O. Then, for y .. Of-, the process {D s is better than {P iI } which in turn
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is better than {D".y} on X, i.e., there exist constants A1 , A~ such that for all

fE X and°< Y '1/2

P..,f--f

Concerning converse estimates note that I/As,y(t) is not bounded at the
origin. In order to remove this singularity. one may consider, e.g.

k,(t) = 2 s!n~E.
Y smh 'It

Since k"I!Bv A3 y and I A.,.., '!JV A2 for °< Y '1j2. one may. . i+l • .,.;' )+1

complete Corollary 4.2 in the following way.

COROLLARY 4.3. Under the assumption of Corollary 4.2 there exists a

constant A 3 such thatfor °< Y '1/2 GndfE X

IPJ fi.

y.

Hence, in these cases one has direct estimates only up to a remainder
which, however, is of saturation order (cf. [7]).

To treat some classical summation methods of Hardy's type, letfE H n X.
P 0, and suppose <P to satisfy the conditions of Proposition 2. We consider
the Abel-Cartwright means

W<p,pf:= J' 1l'(<P(! U 1)1<P(p)) dE(u)t:
~n

the Bessel potentials of order f3 °

and the Riesz means (cf. 0.1)) of order K °

(4.6)

(4.7)

(R, K),p,,,f ecce /' rJ<P(1 u I)/<P(p)) dE(u)f
o.lR'It

(4.8)

The particular choices <P(t) ~~ t Y
• y 0, in (4.6), (4.8) and <P(t) =: t 2 in (4.7)

yield the standard versions of these means, respectively, (4.6) in turn
reproducing (4.1) and (4.5) for y== 2, 1. Since w, be E B V~ 11 for any f3 O.
0: > 0 and rK E B Va tl for any K ;;~ :Y, it follows that {W<P.,,}. {L<p.lJ.,,1.
{( R. K),p.p} C [XJ.H for these values.
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COROLLARY 4.4. Let E be a (R, a)-bounded spectral measure for some
(Y 0, and let fJJ satisfy the conditions oj' Proposition 2. Then for 13 . 0,
K (Y the processes (4.6)-(4.8) are equivalent on X, thus,jiJrfc X. P 0

(R. K)tf,.,J - f .~. W'!'.,J f ~ Lw.Ii."f f

For the proof we only mention that under the present assumptions the
functions (cf. [23, pp. 58, 64])

\ 1- (I -- t)K
-- e t

1(1
\

o
I,

1 e I

- (I t) j; ,

as well as their reciprocals belong to B Va f-1 •

In this paper an application of the theory of the previous sections will be
restricted to the above processes. However, it is obvious that a number of
further applications may be given to those approximation processes generated
via radial summation methods of some Riesz-bounded I dE(u).

4.2. Jackson- and Bernstein- Type Inequalities

Concerning applications of Theorem I(b) to approximation processes
such as those mentioned above one may formulate the following corollary.

COROLLARY 4.5. Let E be a (R,v.)-bounded spectral IneaSllre for SO/Jle
,-x )" 0, let fJJ satish' the conditions oj' Proposition 2, and suppose that
f(u) = [fJJ(i II in/ generates a X-closed operator B</J for SO/Jle 0 y .:; I. Then

for the processes (4.6) and (4.7) one has thefollowing Jackson-type inequalities
(D being a suitahle constant)

Wq"j - fl D[fJJ(p)] !.I :1/1 " (4.9)
(fE XC').

L'f'.il."f- D[fJJ(p)]' f (4.10)

Since 0 y I, one has t Y(e I I) E BVi+l for each jE [p. and
inequality (4.9) follows immediately by Theorems 1(b) and 2. This together
with Corollary 4.4 also implies (4.10).

COROLLARY 4.6. Under the assurnptions oj' Corollary 4.5 olle has the
following Bernstein-type inequalities

for all y oand

i B<!' LW-IJ.pf j (frcc X)

(4.11 )

(4.12)

for 0 y 13, D being a suitable constant.
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Since for any j E [pl one has (Ye- t E B Vj i 1 for any y 0 and
(Y(l -~ t)~s E BVjH for any 0 y f3 (cf. [23, pp. 56, 65]), these inequalities
follow by Theorems I(b) and 2.

Of course, the present frame also enables one to derive Bernstein-type
inequalities which (partly) cover the classical ones dealing with derivatives
of trigonometric polynomials or entire functions of exponential type. Indeed,
Jet C;~([O, CD») be the space of functions which are arbitrarily often differen­
tiable and have compact support on [0, co). For y 0 let i\(t) E C(;u([O.x,»
be such that ACt) ["! for 0 ( I and = 0 for ( 2. Then obviously
,\ BVj~l for any j E [pl. Therefore, there exists a constant D such that for Q>

satisfying the conditions of Proposition 2 one has

,• \ (' Q>( ({ i») It.') f'/\ ------ ( (u,
",," Q>(p)

D ,.I~~" dE(u)f (4.13)

for anyfE H n X.
To give an application let us consider the Riesz means (4.8). Then. for any

K x, one has {( R. K)cl',,,] C [XLI uniformly for p O. Therefore. for any
f c /I n X and y 0

r [Q>(j 1I )J' (I ~(LziJlj" dE(u)J!
. " " Q>(p)"

, Q>( ill) ", ,ii
D[Q>(p)]'1 I (I --cp(i-

p
-)-) dE(lI)ji

• II (J

(4.14)

in fact, if 1J(1I) [Q>(I, 1I )]" generates a X-closed operator B't, there exists
a constant D1 such that

(4.15)

for anyiE x.
Finally, as an application of Zamansky-type inequalities we mention that

( 1;( 1I ) [Q>( u!) ]Y, y I )

B"W,t,.,J: A [Q>(p)l-' Wcl,.,J-I (Ie H n X), (4.16)

since ["'(r 1/(1- (FI) E BVi+1 for each jf~ [pl ify l.

5. PARTlCl)LAR SPECTRAL MEASURES

In this section, app lications of the previous results are given by studying
certain concrete instances of spaces H, X, and spectral measures E. Rather
than give a complete list of possible applications, our aim is to show how the
present approach covers diverse classical results in a unified way as well as
how it leads to some new results in concrete situations of Fourier analysis.
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5.1. Discrete Spectra

Let lL u be the n-fold Cartesian product of lL with elements m (m l , ... , mu)'

Let H be a Hilbert space and {Pili; m c= lL U
} C [H] a complete system of

mutually orthogonal projections of H into H so that each fE H admits an
expansion

f'~-c I P,nI
mEJ:iJ

Setting, for any Borel set a E I:,

(fEH). (5 I)

E(a) = I Pili' (5.2)

it is obvious that E defines a spectral measure on H. Let X be a Banach space
such that H n X is dense in H and X. The corresponding approximation
processes: To: are then given via expansions of type

Trf c I Tr(m) puJ
iIIE7L1I.

(fE Hn X). (5.3)

The notion that E is a (R, (X)-bounded spectral measure on X now reads

I P
1/1 !<fJ

m )' Pilip HI, "
(fE Hn X). (5.4)

It is essentially this particular situation which was dealt with in
[6, II, 12,23]. Thus, all the results of these papers are here subsumed so that
one may revisit multiple Fourier series, diverse classical expansions such as
those concerned with Bessel, Laguerre, and Hermite functions, Jacobi
polynomials, spherical harmonics, etc. Since Riesz means are bounded if and
only if the Cesaro means of corresponding order are bounded, one may
replace condition (5.4) by the corresponding one involving Cesaro means
(which was in fact the procedure in our previous studies). Finally, let us
mention that the restriction to the discrete case implies several simplifications.
For example, the spectral measure can be defined on ail of X so that no
auxiliary Hilbert space is needed, and the operator B'", then defined by
If;(m) PIIII ~c PillE'"!; mE lLu, is obviously a closed operator.

5.2. Fourier Convolution Integrals

Let H = P(IRII) and define the Fourier(~Plancherel) transform /j(j) of
fE H by (I'll = L7~11',.U,..)

lIm 1'1 /j(j)(v) - (277)-u r feu) e,itu du I, ~~ O. (5.5)
a JCJ: --lul<a I,R
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Let 6- 1 be its inverse and ~o , a E L, be the multiplication projection
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~af(u) = Po(u)f(u),

Setting, for arbitrary fT E L,

()
\ I,

Po u = 10,
U E a,
1I $ fT.

(5.6)

(5.7)

it is a familiar fact (cf. [8, p. 1989]) that E is a spectral measure on Ii.
Let X = LJI(IR"), I P clJ, or X Co(IR"), where these spaces are

defined as the set of all functions I which are Lebesgue integrable to the
pth power or continuous with lim II feu) =-, 0, endowed with standard
norms

\ . 1/ /'I I f(u)i /1 dul ,
I.,""" \

p CfJ, or ma~ I f(u)l.
UE:~

respectively. Then H n X is nonempty and dense in Ii and X.
On these Banach spaces X we would like to consider operators of Fourier

convolution type, e.g.

Tf(x) = (27T)-1I I' f(x - 1I) dfL(U)
--lR '1

(IE X) (5.8)

(5.9)

with fL E 9Jl(lR rt
), the set of all bounded Borel measures on 1R". As an imme­

diate consequence of the standard convolution and inverse theorems
(cf. [8,1993-8]) one has that operators of type (5.8) may be represented on H
in terms of the spectral measure (5.7) via

T = .I~n fLA(U) dE(u)

where fLA(U) = (27T)-1I fii<n e- illx dfL(X) is the Fourier (~Stieltjes) transform of
fL E 9Jl(IR"). Thus, operators of type (5.8) are subsumable under the frame of
the previous sections.

Concerning an application of Theorem 2, the spectral measure (5.7) is
(R, a:)-bounded on .X for ex (11 -- I) Ip-l -- 2- 1 I, I . P CXJ, the case

P = CXJ corresponding to X Co(lR n
) (cf. [23] and the literature cited

therein; Theorem 2 for p I and [ex + I]-fold monotone ,\ see [17]). Now
one may reconsider all the results of Section 4 for the present H. X, and E.

In connection with Corollary 4.1 we first of all observe that the processes
(4.1) and (4.2) are of type (5.8), in fact

(5.10)

_ n(n + 1)/2) n J'. 11+ 1
Bof(x) - 7T<n+!l/2 P 1R,,!(x - u) (l + (pu)2)<n+3l/2 du (5.11)
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is the explicit representation of the extension of these operators from H n X
to all of "V'. As is well known, the integral (5.10) is connected with the solution
of the heat equation in IR" with initial valuc!(upon setting p t J. t ..~ 0 ).
whereas (5.11) is connected with "Boussinesq's first problem" in the theory
of elasticity (cf. [5.20. (88.29)]).

COROLLARY 5.1. Let X he olle o!' the .\paces L"(IR/I). I Ii 7. or
Co(IR"). Then there exist constallts A J. A:! sitch that the estimates oj
Corollary 4.1 holdfor aille X alld p O.

As already mentioned. the integrals (4.4) are related to Dirichlet's problem
for the strip:(.r. y); x F IR/I. 0 .r TI: in connection with symmetric and

anti symmetric boundary values. i.e .. DuJ D,.,J !,and D".o! D".,J
respectively. They are of type (5.8) (cf. [2. 4. 25]); for example. for 11 lone

has the explicit representation in the symmetric case (OJ "'I)

D,.,J(\) u) ~si~()y . CO.s.!1;~~1t du.
smh 2 wu·!· SIl1 C COl'

Concerning (4.5). p,J is the solution of Dirichlet's problem for the upper
half-space:(x. y); x c IR". F 0: (case Tlx) and given by the Poisson
integral

!'((II_--'J/2) I" /(\'

W
( tl 1), ~ ./1·

'a;E

Hence. once again one may reformulate Corollaries 4.2.3 the estimates of
which. thcrefore. hold for each element f of the present )(-spaces. Thereby.
the importance of these global estimates of the operators D, .., I. D"., I
in terms of P., I is based upon the fact (cf. [4. 5]) that they enable one to
transfer all the specific approximation theoretical results. known for the
nicely structured process {P'I: (forming a semigroup. being of Fejer's

type. etc.). to the more complicated processes iD,. iD".'I:'
Obviously one may also reformulate the other results of Section 4 in the

present instance. However, we restrict ourselves to an application of (4.13)
in connection with entire functions of exponential type. The latter ones are
holomorphic on 1[:" (the n-fold Cartesian product of the complex plane 1:)

and satisfy for arbitrary Z = (zJ ..... z,,) f~ iC"

/(Z): :,. J

for some positive constants A and a. If the restriction of!, to IR" is pth power
integrable. we write I tC B".)" I Ii 'X. In case Ii 2 the Paley Wiener
theorem [19. p. 128] states that

j(.r) J,.1 " i'"[fl(l') e
i

" dl'
J
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thus, in particular E(a) = 0 on B U ,2 if a E L'and a n {I' E [R1I; 1'1 2 na2) =~

Hence, an application of (4,13) yields that for all fE B", II n B",2

r" [(])(! U I)]Y dE(u)Ili D[(])(n l
/
2a)]'

--. lB Ii JI

(5,12)

with some constant D independent of a and{ The extension to all of B"o
may be performed in the following way,

To each function(E B",/I there exists some sequence C B"'2',11' say

j~(x) =~ f(x) [! (Si:.:;Y i
_) 2

such that (see e.g. [15])

limi( I - Ll)"'( f~ - n: j) 0
C'lIJ+ ..

(I jJ (5.13)

for each m r= IP', Ll being the standard Laplacian 2..:;~1 (('/Dx,Y and (I ~ Ll)O
the identity operator. Then it is not difficult to show that the operator Bw, as
defined in Section 2, is meaningful on any B".'2 and may be extended from

B"'2"'2 n B"''2'-/I to B"", if one chooses, e.g. C, 0)

(i) ~j( 1 u i) == u

(ii) If( i u I) = (I I 1I 12)' /2,

(iii) ~f( 1I ) = log'(l I- 1I),

(5.14)

To this end we modify a device of Lizorkin [15]: Note that ;\(1)

~;(t)( I '1 2) 01 r= BViH for each .i E IP provided m 'x. Hence, A(' 1I ) is a
multiplier on L I( [RII) and, thus, has to be the Fourier transform of some
IL ICc ~m([Rri). Since 6U~] E L2([RII) has compact support one obtains (cf. (2.5)
and (5.7))

B'b/~(X) r A(I u)(l
"[M11

ill '2)'11 6U;](U) ci,l'" du,

and on account of the convolution structure

B<l~f~(x) (271')" r (I -Ll)",t;(X--I')d/L(I'), (5.15)
• IFn

which gives the extension of BW for E ->- 0+ to all of B".1' by (5.13).
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Thus, (5.12) gives, for example (more precisely, first one has to substitute
(/)(n]/2a ) by (/)(n]/2(a ... 2E)) and then to let E>- o!-)

i Bi" D(nL~a)'
]1 (fc 8 11 ,n C 0), (5. I 6)

Bil 1I1~)\.'~ll TJ D( I na'2)'2 Ii" (fc Bf/,)) , \ 0), (5.17)

B1O:W, ",Ifll' D 10g(1 nl/~a) II!, (fE B",,,). (5. I 8)

Let us remark that B 1/: / may be interpreted as a Riesz derivative of order,
and B(lei 11 ,2('/2fas a Bessel derivative of order ,y (cf., e.g., [15]). I n casey 2/7/

the estimate (5.16) in particular yields

L1 iJ~1' i {I

(5.17) for all ,y 0, n E N coincides with a result of Nikolskii (cf. [17]).
Furthermore, (5.16) extends a result of Lizorkin [15] from IY I and n I
to (\ °and arbitrary integral n. Note, however, that Lizorkin obtains the
best possible constant D ~.. I (also for (5.17) in case it 211 1.\ 2k)
which to obtain by our approach seems hardly possible.

5.3. Hankel Conl'olution Integrals

Choose, for L' °flxed, the Banach space X as

(I

where p..,(t) ~. [2'!1/2T(1J -+- 3/2)] ] t~" I. Thus, H U"(O,x;), and H n X
is dense in X and H. Define the Hankel transform b,.en off c H by

lim Ii r" s··Vt 'f(t)(st)1/2 J'_]/2(st) dt- bJf)(s)j, 0: (5.19)
a >:7.- I: • 0 .1]-[

this limit exists for all IE H, and ~\. is self-reciprocal, I.e .. ~\.[bv( f)]== f
(see [1, p. 226]). Setting, for arbitrary CJ E 1.',

(5.20)

'+~a being given by (5.6), it is known (cf. [5]) that E is a spectral measure on H
in IRI.

On the above Banach spaces X we would like to consider operators of
Hankel convolution type, e.g.

Tf(t) = f# g(t) = r'f(r)g(s) D(r, s, t) dp..)r) dp..vls), (5.21)
'Il
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where g E U·" and
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A(r, S, I) being the area of a triangle whose sides are r, S, I if there is such
a triangle, and zero otherwise. The spaces V',", the convolution concept as
well as the above definition of the Hankel transform are taken over from
Hirschman [14]. As an immediate consequence of the convolution
theorem [14] one has (cf. [5]) that operators of type (5.21) may be represented
on f{ in terms of the spectral measure (5.20) via

where I g~(s)

T= rx g~(s) dE(s),
.,()

'! gil.' (see [14]), g~ being given by

g~(s) == rJC

S~'I'g(t)(s/)l/21,._dsl) dl.
'0

(5.22)

In order to apply the general theory of Sections 3 and 4 we only have to
establish the (R, ex)-boundedness of the above spectral measure in the
X-topology.

To this end let us first discuss the Bochner-Riesz means of f E H n X,
namely (cf. (4.8»

o s I,
s I.

Since~)Jp2"lg(p'»(s)= ~)"(g)(s/p)andl!p2"ilg(P-).lu g ,itsufficesto
examine ~),(r2,n)(/). Now, by [9, p. 26, (33)] one obtains (C being a constant
independent of I)

00 .' U12t+2j
18(t) = ~ (~~- I)) '!n .+. j3 + I) .

)-0 .1.1

Since for fixed j3 there holds llJ(t) = C(t-l/2) for t -+ 00, one obviously has
SJr2 . Q ) E U·v for ex v. Using Stein's [21] interpolation theorem this yields
for I p < 00

(>: 2v IIp·~ 112 I).
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Replacing p2 by p' it is clear by the proof to Theorem 2 that B V'i 1 is again a
multiplier class. Observing that r,,(s) (I .1')' r 2 ,Q(s). it is easy to verify
that (1- .1')' E BVic 1 for each.i E p. and, therefore, (I sp)' is a multi-
plier uniformly in p O.

PROPOSITION 3. I-et fcc if' n L",'. I

Then

sip)' dt,(s)n
11/1 ,1'

fJ x. and 'x

C, if",,·

J' I 21P .

Hence, all the properties required for the results in Sections 3 and 4 are
satisfied. In particular Theorem 2 and Propositions I and 2 give multiplier
criteria for Hankel transforms. Multiplier criteria of the Marcinkiewicz-type
follow from Igari [14b] and in weighted U-spaces from Guy [13]. But
Guy's notations are only consistent with the ones used here in case p ,..,.

Sj,U) as given above is called a "modifled" Hankel transform by Guy. For
I fJ ex. P 2, he treats multiplier operators for the "ordinary" Hankel
transform

which is closely connected with the Fourier transform on the real line; indeed.
some type of transplantation approach is applied.

Let us conclude with a brief application to Jackson- and Zamansky-type
ineq ualities for the Bessel potentials with (P(s) .1'2 and f3 j' I. Thus.
b, J(S2/p2) (I·· .1 2/p2)' J, and (see [14])

~\.(b, 11(.1'2/ p2»(I) I)

is the kernel corresponding gin (5.21). To give a concrete interpretation of
particular t/J(u) occuring in (2.8) and (2.12). let us consider the differential
operator

I JI(t) /"(1) (21'/t)j'U), (5.23)

which coincides with the standard Laplacian for radial functions on 1R1" in
case 21' = n I. For appropriate smooth fF U·" nil"" this differential
operator satisfies the relation (see [14])

.C 1'2 dt."(.l)f

The explicit representation (5.23) of [J shows that B" is an X-closed operator.
Thus. since [1- b,.n(s)] .I' 1 and .I' • b,.,,(s)!(1 b,.t(s)) both belong to Bk i 1

for each.i E IP. one has the following corollary.
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COROLLARY 5.2. Let X, H, E, alld 0 be as abore. Theil

(i) L,2"'1.of --f 1'." C1P 2 i Of I))., (fE= X'\

(ii) [JL,2."E1.0f J'.' C2p21L,2.'I1."/- I Ii.'- (fE X).
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As a final remark let us observe that the discrete case as treated, e.g. in [6],
was developed in terms of expansions according to projection operators
(cf. (5.1 )). This approach could also be interpreted in terms of expansions
according to (generalized) bases (see [6, Section 2]). For the transition from
the discrete to the continuous, and for the subsumation of both continuous
and discrete theories in one framework we have chosen the standard approach
via (projection-valued) spectral measures, it sufficing for the range of appli­
cations considered by us so far. Perhaps it may be possible to cover the
material presented by Masani's [16] very modern theory of H-basic, countably
additive, orthogonally scattered measures which may be considered as sub­
stitutes for (ordinary) bases.

The authors gratefully acknowldg~ thc several helpful comments by Dr. W. Kolbe in
connection with the solution of Dirichlet's problem for a strip.
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